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Abst ract - -We study some properties of the nonlinear Volterra-Stieltjes integral operator of gen- 
eral form which is defined with help of the Stieltjes integral with the kernel depending on two variables. 
The results obtained in the paper generalize those obtained earlier for the Volterra-Stieltjes integral 
operators having less general form. We prove also an existence result for nonlinear integral equation 
of Volterra-Stieltjes type. © 2005 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The theory of integral operators and integral equations finds numerous applications and creates 
an important and significant subject of nonlinear functional analysis. The integral operators arise 
naturally in many branches of mathematics and mathematical physics, engineering, economics, 
biology, and in a lot of problems connected with real world (cf. [1-6], for example). 
In this paper, we will study some properties of integral operators of Volterra-Stieltjes type. 
They are defined with the help of Riemann-Stielt jes integral, with the kernel depending on two 
real variables. 
We prove a few results concerning the continuity, bounded variation, monotonicity, and com- 
pactness of these operators in the space of continuous functions. Results of such a kind were 
obtained in [7], but the integral operators tudied in this paper have a more general form. More- 
over, these operators create the Volterra version of the operators considered in [8]. 
The results obtained in our investigations will be used to show the solvabil ity of a nonlinear 
Volterra-Stieltjes integral equation in the space of real functions defined and continuous on a 
bounded interval. 
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2. NOTATION AND AUXIL IARY FACTS 
This section is devoted to present some auxiliary facts which will be used in the sequel. 
For a real function x defined on the interval [a, b], the symbol b gax  denotes the variation of x 
on [a, hi. We say that x is of bounded variation on the interval [a, b] whenever vba x is finite. For 
a function u(t, s) = u :  [a, b] x [c, d] --* N, we denote by Vq=p u(t, s) the variation of the function 
t --, u(t, s) on the interval [p, q] c In, b]. In the same way, we define the quantity Vg=p u(t, s). 
For the properties of functions of bounded variation we refer to [9,10]. 
Now, assume that x and ~ are real functions defined on the interval In, b]. Then, under some 
additional assumptions [9,10], we can define the Stieltjes integral (in the sense of Riemann- 
Stieltjes), 
b 
f x( t )  d~(t ) ,  
of the function x with respect o the function ~. In this case, we say that x is Stieltjes integrable 
on the interval [a, b] with respect o ~. 
Let us mention that there are known a lot of conditions ensuring the Stieltjes integrability [9,10]. 
For example, if x is continuous and p of bounded variation on the interval [a, b], then there exists 
the above written Stieltjes integral. 
Now~ we recollect some properties of the Stieltjes integral, which will be needed further 
on (eft [10,11]). 
LEMMA 1. I f  x is Stieltjes integrable on the interval [a, b] with respect to a function qo of bounded 
variation, then 
Moreover, the following inequality holds, 
z ( t )  _< sup ]x ( t ) l .  ~o . 
a<t<b 
LEMMA 2. Let Xl, X2 be Stieltjes integrable on [a, b] with respect to a nondecreasing function 
and zl(t)  <_ x2(t) for t e [a,b]. Then, 
b b 
(t> 
LEMMA 3. Assume that x is a nonnegative function on the interval [a,b], which is Stieltjes 
integrable with respect to functions ~ol and ~2. I f  qo2 - qal is nondecreasing on In, b] then 
/a x (t) d~ol (t) <_ x (t) dqo2 (t). 
In the sequel, we will also consider the Stieltjes integral having the form, 
a bx(t) dsg(t ,s) ,  
where g : [a, b] x [a, b] --* R and the symbol ds indicates the integration with respect o s. The 
details concerning this integral will be given later. 
Finally, let us mention that we will denote by C[a, b] the space of all real functions defined and 
continuous on the interval In, b]. This space is equipped with the standard maximum norm, 
11511 = ma~{15( t ) l  : t e [a ,b]} .  
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3. PROPERT IES  OF  NONL INEAR 
VOLTERRA-ST IELT JES  INTEGRAL OPERATOR 
Let I be a bounded and closed interval in R. For convenience, we assume that I = [0, 1]. 
In this section, we are going to study some properties of the integral operator of Volterra- 
Stieltjes type having the form, 
(Ux) (t) = u (t, s, x (s)) dsg (t, s), t e I. (1) 
In our considerations, we shall always assume that the following hypotheses are satisfied, 
(i) g : I × I ~ R and for all t l ,t2 e I with tl < t2, the function s ~ g(t2,s) - g(t l ,s)  is 
nondecreasing on I; 
(ii) g(0, s) = 0 for any s e I; 
(iii) u : I × I x ]~ ~ R is a continuous function and there exist a continuous function k : 
I x I --* R+ -- [0, +c~) and a continuous and nondecreasing function ~ : ]~+ ~ R+, such 
that the following inequality holds, 
I~(t, s,~)l_ k(t,s). ~(Ixl), 
(iv) 
for al l t ,  s~ IandxE I~;  
the function t --+ u(t, s, x) is of bounded variation on the interval I for any fixed s E I and 
x E R. Moreover, the function, 
1 
(~,~)-~ V ~(t,~,x), 
t=O 
in bounded on the set I x f -T,  T] for each T > 0. 
REMARK 1. Observe that the function s ~ g(t, s) is nondecreasing on the interval I. In fact, for 
Sl, s2 E I with sl < s2, from Assumptions (i) and (ii), we obtain 
g (t, s2) - g (t, ~1) = [g (t, s2) - g (0, ~2)] - [g (t, s~) - g (0, Sl)] > 0. 
Notice that this assertion remains valid if we assume instead of (ii) that g(0, s) = const for s C I. 
REMARK 2. Taking into account Assumptions (i), (ii), (iii), and Remark 1, we deduce that the 
operator U is well defined on the space C(I). 
Our first result is contained in the following theorem. 
THEOREM 1. Assume that Conditions (i)-(iv) are satisfied. Then, for any function x 6 C(I)  the 
function Ux is of bounded variation on I. 
PROOF. Fix a partition 0 = to < tl < ...  < tn = 1 of the interval I. Then, in view of the 
properties of the Stieltjes integral mentioned in Lemmas 1, 2, and Remark l, we get, 
~-~l(Ux)(t~)- (Ux)(t~_l ) l= u ( t~,s ,x (s ) )dsg( t . s ) - ]o  u( t i - l ,8 ,x (8) )dsg( t i -1 ,  
i----1 i=1 
<_ u(ti, s ,x(s) )dsg(t i ,  s) - u(t i ,  s ,x(s) )dsg(t i ,  
i - -1  
n , .t,_l /~- '  (ti, s) +~ / ~( t , , s ,x (s l )esg( t~,s ) -  ~(t~_l,s,x(s))d~9 
i= l  [JO 
, ,~,-, f~- i  (ti-1, s) 
i= l  { 0 
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i=1  i-llt(ti'$~X 
+ [u (ti, s, x (s)) - u (t i -1, s, x (s))] dsg (ti, s) 
i=1  
±/o + ~ (t,_i ,  ~, = (~)) d, [g (t~, ~) - i= l  
i=1  p=O 
i----1 p----O 
i=I \p=ti-  I 
~=1 0 p=O 
ds ~/ [g(ti,p)-g(t~-l,p)] 
i=1  p=O 
i=l Jr4-1 
~fO 1 + lu(t.s,x(s)) -u(t~_l,s,=(s))ld~g(t.s) 
i=l 
+ g~o (llmll) d~ [g (t~, s) - g (t~_l, s)l ,  
i --1 
where we denoted K = max[k(t, s) : t, s E I]. 
Hence, taking into account Assumption (i) and Lemma 3, we get 
I(uz) (t~) - (Uz) (t~-~)l _< K~ (llxll) ~ [g (t~, t~) - g (t~, t~-l)l 
i=1  i=1 
+ lu(ti, s ,x(s)) -u(t i - l ,s ,x(s)) ldsg(1,s)  
+/';~ (lt=ll) ~ [g (t,, t , _~)  - g ( t ,_~,  t , _~)  - g (t, ,  o) 
i=1 
+g (t~_~, o)] 
<_ K~ (t1=11) ~ [g (ti, ti) - g (ti-1, ti-1) - -  g (ti, O) 
i=l 
+g (t,_~, o)1 
+ ~o u(t,s,x(s)) d,g(1, s). 
(2) 
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Now, let us denote 
,} a~=sup ~(t , s ,y ) : seL  ye[ - I l x l l ,  IIx . 
I ,  t=O 
In view of (iv) we deduce that ~ < oo. Thus, from (2), we derive the following estimate, 
I (Ux) ( t , )  - (Ux)(t,_l)l <_ K~(]lxl])[g(1, 1) -g (1 ,  0)] 
i=1  
+ft. [g(1,1) - g(1, o)] = [K~(II~It) + ~] '  [g(1,1) - g(1, 0)]. 
Hence, we deduce that the function Ux is of bounded variation on I.  This completes the proof. 
In what follows, we will use the following simple result. 
LEMMA 4. Assume that function g satisfies Assumption (i). Then, for arbitrarily fixed Sl, s2 E I, 
such that s I < s2, function t --* g( t, s2) - g( t, SÀ) is nondecreasing on the interval I. 
In fact, take t l , t2 E I with tl < t2. Then, by Assumption (i), we get 
[g (t2, S2) -- g (t2,Sl)]  -- [g (t l ,  S2) -- g (t l ,  Sl)] -~ [g (t2, 82) -- g ( t l ,  82)] -- [g (t2, Sl) -- g (t l ,  S2)] _~ O. 
THEOREM 2. Suppose there are satisfied Assumptions (i)-(iii) of Theorem 1 as well as the fol- 
lowing. 
(iv') The function t -~ g(t, s, x) is nondecreasing on I for arbitrarily fixed s E I and x C •. 
Moreover, the [unction u is nonnegative i.e., u : I × I × R --* ]~+. 
Then, for every function x E C(I) ,  the function Ux is nondeereasing on I. 
PROOF. Fix arbitrarily tl, t2 C I with tl < t2. Then, we obtain 
(ux) (t2) - (ux) (tl) = ~0 t2 ~0 tlu(t2, s ,x(s))d~g(t2,  s) - u (Q ,s ,x (s ) )d~g( t l , s )  
/? /? 
+ u(t2 ,s ,x(s ) )d~g(t2 ,  s) - u ( t l , s ,x (s ) )d~g( t l , s )  
~i ' ~ (t2, s, • (~1) d~g (t2, s) 
+ u (t2, s, x (s)) dsg (t2, s) - -  u (tl, s, x (s)) dsg (tl, s).  
(3) 
In what follows let us fix an arbitrary partition tl = so < sl < .-. < sn = t2 of the in- 
terval [t~, t2] and choose arbitrarily c~ E [S~-l, s~] for any i = 1, 2 , . . . ,  n. Then, in view of our 
assumptions and Remark 1, we have 
• (t2, c,, ~ (c,)) [g (t~, ~)  - g (t~, s~-l)] >_ o. 
i=1 
Consequently, 
f , i  ~ ~ (t2, s, x (s)) d~g (t2, ~) _> O. (4) 
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Further, in virtue of Lemma 4, we deduce that for any partition 0 = so < sl < " "  < s~ = tl 
of the interval [0, t~] and for arbitrarily fixed c~ E [s~_~, s~] the following inequalities hold to be 
true, 
n 
~ (t~, ~,x  (c,)) [g (t~, s~) - g (t~, s~_~)] < ~ ~ (t~, c~,~ (~,)) [g (t:, ~,) - g (t~, s,_,)] 
i= l  i=1 
n 
E U (t2, Ci, 5g (Ci)) [g (t2,8i) - -  g (t2, Si-1)] • 
i= l  
This implies the inequality, 
/o /o t~ u(t2,s ,x(s) )dsg(t2,  s) - u ( t l , s ,x (s ) )dsg( t l , s )  > O. (~) 
Now, combining (3), (4) and (5) we complete the proof. 
THEOREM 3. Assume that Conditions (i)-(iii) are satisfied and functions t --+ g(t, 0), t --~ g(t, 1), 
and s ~ g(1, s) are continuous on I. Then, operator U transforms continuously the space C(I) 
into itself. 
PROOF. Notice that the operator U can be written as the composition U = GoF  of the so-called 
superposition operator, 
(Fx) (s) = u (t, s, x (s)), 
(where t is a fixed number in the interval I) and the Volterra-Stieltjes operator G defined by the 
formula, 
// (Gx) (t) = x (s) dsg (t, s). 
It is well known, (cf. [12]), that operator F transforms continuously the space C(I)  into itself. 
Thus, it is sufficient o show that operator G acts continuously from the space C(I) into C(I). 
To prove this, let us fix x E C(I)  and s > 0. Now, take arbitrary t l ,t2 E I, such that tl < t2 
and it2 - tl] _< s. Then, we obtain the following estimates, 
I(cx) (t~) - (Gx)(tl)l _< r]o~2 • (s) dsg (t~, s) _ r]o~ ~ (s) ~sg (t~, s) 
_< I[xil ds _ g(t2,p) + Hxll ds [g(t2,p) -g ( t l ,p ) ]  
p=t l  
_< Ilxll [g (t2, t2) - g (t2, t l) + g (t2, tl) - g (tl, t l) - g (t2, 0) + g (tl, 0)] 
----I[xN {[g (t2, t2) - g (t2,tl)]+[g ( t2 , t l ) -g  ( t l , t l ) ] - [g  (t2, 0) - g (tl,0)]} • 
Hence, taking into account Assumption (ii) and Lemma 1, we obtain. 
I(Cx) (t=) - (ox)  (tl)l _< tlxll {[g (1, t2) - g (1, tl)] + [g (t2,1) - g (tl,1)] + [g (t2, o) - g (tl, 0)]}. 
This estimate, in conjunction with the assumption on the continuity of the functions t -~ g(t, 1), 
t --+ g(t, 0), and s --~ g(1, s), allows us to infer that function Gx is continuous on I, which means 
that G transforms the space C(I) into itself. 
Now, we show that G is a continuous operator on the space C(I). 
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To do this, let us fix x 6 C(I) and t 6 I. Then, we get 
p=O 
___ Ilxll dsg (t, s) __ Ilxll [g (t, 1) - g (t, 0)] 
_< Ilxll [g (1, 1) - g (1,0) l .  
This yields that G is a continuous operator and completes the proof. 
REMARK 3. Theorem 3 remains true if we assume that it has satisfied the assumptions of The- 
orem 1 and the following. 
(v) The functions t ~ g(t, t) and t --~ g(t, 0) are continuous on the interval I .  
Indeed, evaluating analogously as in the proof of Theorem 3, we get 
I (ax) (t2) - (Cx) (tl)l ___ Ilxll [g (t2, t~) - g (t2, t i)  + g (t2, t~) - g (t~, t l)  - g (t~, o) + g (tl, o)1 
-- Ilxll [g (t~, t~) - g (ti, t~) - (g (t~, o) - g (t~, o))] 
_< IIxl [Ig (t2, t2) - g (t l ,  t l)[ -k Ig (t2, o) - g (t l ,  0)[ ] . 
From this estimate, we deduce our assertion. 
THEOREM 4. Under the assumptions o[ Theorem 3 the operator U is compact on C(I). 
PROOF. Let X be a nonempty and bounded subset of C(I). Denote by [ Ix l l  = sup{l[xll: x e x} .  
Obviously ]IX]] < c~. Fix x e X, s > 0, and tl,t2 c I with tl < t2 and t2 - t l  _< ~. Then, we get 
I(Ux) (t2) - (Ux) (h ) l  < u(t2, s,x(s))dsg(t2, s ) -  u(t2, s,x(s))d~g(t2, 
+ fot~u(t2,s,z(s))d~g(t2, s ) -  fot~u(h,s,x(s))d~g(t2, s) 
+ fotlu(tl,s,x(s))d~g(t2,s)- fo t~ u(tl,s,z(s))d~g(tl,s) 
_< K~ (llxll) [g (t2, t2) - g (t2, tl)] 
/: ( ) + ]u(t2, s,x(s))-u(t~,s,x(s))lds ~/g(t2,p) 
p--0 
+ K~ (llxll) • [g (t2, t l) - g (t~, t~) - g (t2, 0) + g (t~, 0)]. 
Now,  let us denote 
w~ (z) = sup {l u (t2, s, y) - u (h,  s, Y) I: t2, tl E I ,  Its - t l l  <-- E, y e [ -  IlXll, IlXll]}. 
Then, applying Lemma 4, Remark 1, and taking into account Assumption (i), from the above 
estimate, we derive the following inequalities, 
I(Ux) (t2) - (Ux) (tl)[ 
<_ 
_< 
K~ (lIXll) {[g (t2, t2) - g (t2, t~)] + [g (t2, ~)  - g (tl, t~)] 
- [g (t~, o) - g (t~, 0)]} + .:~ [g (1,1) - g (1, 0)] 
K~ (IIXII) {[g (1, t=) - g (1, t~)] + [g (t=, 1) - g (tl, 1)] 
+ Ig (t2, o) - g (tl, o)1} + ~,  (~) [g (1,1) - g (1, 0)] 
K~ (l[Xll) {Ig (1, t2) - g (1, tl)l + Ig (t~, 1) - g (tl, 1)[ 
+ Ig (t2, 0) - g (tl, 0)l) + ~ (~) [g (1, 1) - g (1, 0)]. 
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Now, taking into account he uniform continuity of the function u on the set I x I x [-IlXll, l I x I I] 
and other assumptions concerning the function g(t, s) we infer that the set UX is equicontinuous 
on the interval I. 
On the other hand, for an arbitrary x E X, we have 
I(Ux) (t) l_< K~(llXll)[g (t, t)-g (t, o)1 _< K~p (IIXII)" [g (1, t ) -g  (1, 0)] <_ K~p (llXll)[g (1, 1)-g (1, 0)]. 
From this estimate, we deduce that the set Ux is bounded. Finally, linking the equicontinuity 
and boundedness of the set UX, we complete the proof. 
REMARK 4. The conclusion of Theorem 4 remains true if we assume hypotheses formulated in 
Remark 3. 
4. SOLVABIL ITY  OF  VOLTERRA-ST IELT JES  
INTEGRAL EQUATION 
In this section, we apply the results obtained previously to the study of the solvability of the 
following nonlinear Volterra-Stieltjes integral equation, 
f x(t)  =p(t )  + u( t , s ,x (s ) )d~g(t , s ) ,  (6) 
where t E I = [0,1]. 
Notice that equation (6) can be written in the form x = p + Ux, where U is the operator 
defined by (1). 
Now, we formulate a few existence results concerning the integral equation (6). 
THEOREM 5. Suppose p = p(t) E C(I) and the functions g and u satisfy the assumptions of 
Theorem 3. Moreover, assume that there exists a positive solution ro of the following inequality 
Ilpll + K~ (r) [g (1, 1) - g (1, 0)] < r. (7) 
Equation (6) has at least one solution in the space C(I). 
PROOF. Consider the operator S defined on the space C(I) by the formula S = p + Ux. In 
view of Theorem 3, the operator S transforms continuously the space C(I) into itself. Further, 
take the ball B~o = B(0, ro) in C(I),  where r0 is a positive solution of the inequality (7). Then, 
arguing in the same way as in the proof of Theorem 4, for a fixed x 6 B~ o, we get 
I(s=) (t)i <_ Ilpll + K~ (ll=ll)[g (1 ,1) -  g (1,0)] _< Ilpll +K~(ro)[g (1, 1 ) -  g (1,0)] < to. 
This yields that the operator S transforms the ball Bro into itself. Obviously, by Theorem 4, the 
operator S is completely continuous on Br 0. Thus, applying the Schauder fixed-point principle, 
we complete the proof. 
THEOREM 6. Assume that the hypotheses of Theorem 5 are satisfied and the function p(t) is of 
bounded variation on the intervM I. Then, equation (6) has at least one solution C(I) being of 
bounded variation on I. 
In view of Theorem 1, the proof is obvious. 
THEOREM 7. Assume that there are satisfied the hypotheses of Theorem 5 and (iV). Moreover, 
assume that the function p = p(t) is continuous and nondecreasing on I. Then, equation (6) has 
at least one solution in the space C(I) which is nondecreasing on the interval I. 
The proof is an easy consequence of Theorems 5 and 2. 
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